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In this talk we investigate the symmetry under _Eio of Romans' massive type IIA supergravity. We show 
that the dynamics of a spinning particle in a non-linear sigma model on the coset space Eio/K{Eio) 
reproduces the bosonic and fermionic dynamics of massive IIA supergravity, in the standard truncation. In 
particular, we identify Romans' mass with a generator of Eio that is beyond the realm of the generators of 
Eio considered in the eleven-dimensional analysis, but using the same, underformed sigma model. As a 
consequence, this work provides a dynamical unification of the massless and massive versions of type IIA 
supergravitiy inside Eiq. 
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1 Introduction 

An important class of supergravity theories is provided by deformed maximal supergravities, that are the- 
ories that cannot be obtained directly by standard toroidal Kaluza-Klein reduction of eleven-dimensional 
supergravity. They have as an important feature that they admit domain walls solutions, without which the 
duality symmetry of the underlying string theory cannot be verified. In particular, massive type IIA super- 
gravity, unlike its massless sister, supports a D8-brane solution, that in IIA string theory can be reached 
from lower-dimensional branes by sequences of T-dualities |[T|. Therefore, any decription of M-theory 
should include deformed supergravities. 

A possible approach to M-theory is via Kac-Moody symmetries, notably Eio El El HI El and En 
El El HI ISi i JJ . The Eio proposal, on which we focus in this talk, has two main motivations. First the 
En-D symmetry appearing in the reduction of eleven-dimensional supergravity to dimensions D > 2 
naturally leads to the conjecture that the reduction to one dimension should be invariant under Eiq ElEl- 
Second, it is remarkable that the same intuition comes from cosmological billiards; close to a spacelike 
singularity (the BKL limit), eleven-dimensional supergravity becomes explicitly symmetric under the Weyl 
group of £^10 HI- 

Moreover, recent development observed the relevance of Eio and En in the framework of deformed 
supergravities, where the deformation parameters are identified with forms of high rank, specifically {D — 
1) -forms for deformations in D dimensions 19] [TOl [TTI . 

The purpose of this talk is to explain how the deformation parameter of massive IIA supergravity enters 
the dynamics of the geodesic model of Eio, and our analysis includes the fermions. We show that the mass 
enters as the dual to a generator that is outside the realm of the generators considered usually. Importantly, 
all terms associated with the mass coincide perfectly. Here we focus on the general features and refer the 
reader to lfT2l . upon which this talk is based, for the technical details. 
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Fig. 1 Massive IIA supergravity from D = 11 supergravity: Massive type IIA supergravity is obtained as a defor- 
mation of the standard type IIA supergravity, but unlike the latter, it does not possess any known eleven-dimensional 
origin. See Figure\^for a pictorial description of how D = 11 supergravity and massive IIA supergravity are unified 
inside Eio- 




Fig. 2 This picture describes the common Eiq origin of eleven-dimensional supergravity and massive type IIA super- 
gravity. First, if one considers a level £i decomposition of E\o with respect to Ag (cf. Figure\^, one sees that the first 
levels (£i = to £i =3) of an Eio / K (Eio) sigma-model correspond to a truncated version of eleven-dimensional 
supergravity, with Lagrangian £sugrAii 0. Taking this as a starting point, we can perform an additional level £2 
decomposition on the sigma model. On the lower £1 levels (£1 — to £1 = 3) this is equivalent to a dimensional 
reduction of eleven-dimensional supergravity, which gives massless IIA supergravity (cf. Figure[li. However, if one 
includes one of the generators appearing at £\ = 4, this leads to a theory that coincides with a truncated version of 
massive IIA supergravity, with Lagrangian £miiA • This procedure is equivalent to a multi-level (^1 , £2 ) decomposition 
of Eio with respect to As. 



2 Massive IIA supergravity 

The first construction of massive type IIA supergravity is due to Romans ifTSl and its main step is to 
give a mass to the two-form potential of standard IIA supergravity lfT4l [Tsl [161 through the replacement 
^(2) ^ ^(2) + "T-^(2)' where F(2) = '^^(i)- The one-form potential ^(i) is then gauged away, which 
leads to terms depending on m~i in the supersymmetry variations and thus obscures the massless limit. 
This is remedied by a field redefinition presented in ITTl ITSl . that we employ in the analysis. A more 
democratic version of massive IIA supergravity is given in ifTsl [191 . It includes a nine-form dual to the 
mass m cx *io(iA(g) , and it is precisely that dual nine-form that we will be able to identify with a nine-form 
appearing in a certain decomposition of Eiq. 

Moreover, massive IIA supergravity has in common with many other deformed maximal supergravities 
that it does not possess any known higher-dimensional origin, as illustrated in Figured] A consequence of 
the present work is to show that, although they are not related by dimensional reduction, eleven dimensional 
supergravity and massive IIA supergravity have the same Eiq origin as displayed in Figure|2] see also 1201 

ED ED. 

In the form we consider in this work, the bosonic sector of massive IIA supergravity contains a metric, 
a dilaton, a one-form, a two-form, a three-form, and a real mass parameter m. On the fermionic side, we 
have two gravitini, combined in a single 10 x 32 component vector-spinor, and two dilatini, combined in a 
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Fig. 3 The Dynkin diagram of eio with the nodes associated with the level decomposition indicated in white. 

single 32 component Dirac-spinor, which decompose into two fields of opposite chirality under 50(1, 9). 
The full expression of the Lagrangian in our conventions is given in lfT2l . 

3 Eio and the geodesic sigma model for £"10 /K{Eiq) 

3.1 Generalitiesoni?ioandiir(i?io). 

Here we summarize important features about the Kac-Moody algebras eio and ?(eio), the groups of which 
we shall denote by _Eio and X(i?io). More details can be found in ll5l l23l fT2l . 

The split real form of eio is generated by ten triples (e^, hi), i = 1, . . . , 10, of Chevalley generators, 
each triple making up a distinguished s[(2,]R) subalgebra. These subalgebras are intertwined inside Ciq 
according to the stucture of the Dynkin diagram in Figure [3] 

The maximal compact subalgebra t(eio) C eio is defined as the subalgebra which is invariant under the 
Chevalley involution oj, which is defined through its action on each triple (e^, hi): 

uj{ei) = uj{fi) = -ei, u}{h.i) = -hi. (1) 

The subalgebra t(eio) enters the so-called Iwasawa decomposition of eio. 



where t) is the Cartan subalgebra, generated by the hi and n+ is the infinite-dimensional positive nilpotent 
subalgebra, generated by the positive step operators e^. 

3.2 The Ag, level decomposition of Eiq 

The correspondence between eio and eleven-dimensional supergravity is made by introducing an Ag = 
s[(10, M) level decomposition of i^io, where the level £1 of a root a of eio is its integer coordinate in the 
direction of the simple root aio (associated to node 10 in the Dynkin diagram in Figure [3]) Q. For each 
value of the level £1, one has a finite number of representations of Ag. The correspondence was established 
up to level £1 = 3 (with some minor exceptions 1241 '). 

In the case we are interested in here, one needs to perform a further decomposition £2 associated to the 
root 9. Hence, we write any root a of eio in terms of the ten simple roots as 



The level £ := (^1, ^2) is now two-folded and corresponds to a decomposition under the As = s[(9, R) 
subalgebra of eio, defined by nodes 1, . . . , 8 in the Dynkin diagram in Figure [3] At level (0, 0), there 
is a copy of g[(9, M), if h, and a scalar generator, T, associated with the dilaton. The generators of eio 
at higher levels are sl{9, M)-tensors of higher and higher rank Ea^...a^. G eio, where k = H\ + li and 
a; = 1, . . . , 9. The full table up to ^ = (4, 1) can be found in lfT2l . 



eio = t(eio) © [) ® n+, 



(2) 
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In particular, at£ = (4, 1), one has a nine-form generator E°-^"'°''^ whose accompanying nine-form field 
will be identified with the dual to the mass of massive IIA supergravity Il20ll25]| . This is intriguing since in 
_D = 11 the matching between supergravity and eio has only been successful up to £i = 3. Hence, the mass 
term in D = 10 is outside this and provides a non-trivial check of Cio beyond its 's[(10, ]R)-covariantized 
eg' subset, i.e. the generators of eg and their images under (the Weyl group of) 5[(10, R). 

3.3 Construction of the non-linear sigma model 

We here describe how to build the non-linear sigma model with rigid i?io invariance and local K{Eiq) 
invariance. Thanks to the Iwasawa decomposition (|2]i, one can choose a representative of the coset space 
Eio/ K{Eiq) in the so-called partial 'Borel gauge' by taking only exponentials of [) and n+: 

y(^t)^^h-.it)K\^4>T^Ait).E ^ Ew/K{Eio), (4) 

where A{t) * is a sum over the positive level generators E"-^'""''' of Eiq with coefficients ^aj...aj. (t). 
The coset representative V transforms under global g G £'io -transformations from the right and local 
k G A'(iJio)-transformations from the left V i — > kVg. From V{t), one can construct the Lie-algebra 
element in Maurer-Cartan form 

v{t)^dtVV-' =r{t) + Q{t), (5) 

that decomposes, under the Chevalley involution, into an invariant part (Q G ?(eio)) and an anti-invariant 
part(P G eio e«(eio)). 

In the next section, we will identify the fields of massive IIA supergravity with the components of 
and Q{t) in the level decomposition of eio © t^io or hio respectively, that we will note P^^' and Q^^^ 
at level £. Because of the choice of the partial Borel gauge for V, P*^^-* = Q^'-^K ^ (0, 0). 

3.3.1 The bosonic part 

A manifestly i?io x iir(£'io)iocai-invariant Lagrangian is constructed as follows Il5l l24ll 

^EL/KiE..) = r(tr'{nt)\v{t)), (6) 

where the bracket represents an invariant inner product over Eiq and the lapse function n{t) ensures invari- 
ance under reparametrizations of the geodesic parameter t. The equations of motion for V (in the gauge 
n — 1) read 

Vr := dtV - [Q,r] ^ 0, (7) 
where we defined the _ft'(£'io)-covariant derivative V. 

3.3.2 The fermionic part 

In order to build the fermionic part of the Eiq/ K (Eiq) sigma model, one needs to introduce spino- 
rial representations of fi(eio). In the case of eleven-dimensional supergravity, a good correspondence 
is obtained using two finite-dimensional (unfaithful) representations. The first one transforms as a 32- 
dimensional Dirac-spinor representation e of so(lO) C t(eio) and corresponds to the supersymmetry pa- 
rameter. The second one transforms as a 320-dimensional vector-spinor representation vj/^, a = (10, a), 
of so(lO) C 6(eio) and is identified with the gravitino ||26l|27_ 28 29J. Upon reduction to the IIA the- 
ory (through the additional level decomposition with respect to £2), while the supersymmetry parameter 
stays unchanged, the gravitino decomposes into a 32-dimensional spinor ^10 (to be associated with the 
ten-dimensional dilatino) and a 288-dimensional vector spinor of 5o(9) (related to the gravitino) that 
will mix under t(eio) ll30l . 
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Supergravity 


Ew/K{Ew) 


Bianchi identities and bosonic equations of motion 
Fermionic equations of motion 
Supersymmetry variation of tpt 


dtV-[Q,r] = Q 

at* - Q • * = 



Table 1 Each line of this table contains the equations to be compared to each other in order to make the correspon- 
dence between massive IIA supergravity and Eiq explicit. 

The fermionic degrees of freedom are included in the Lagrangian through the spinor representation ^ 
as follows Il27ll28ll29l 

---'-{^\V^), (8) 
denotes an invariant inner product on the representation space. The associated 

:= - Q • * = 0. (9) 

The bosonic equations of motion (|7|i were written for the gauge choice n = 1. The lapse function n 
has a superpartner *f, which is a Dirac spinor under t(eio), as is the supersymmetry parameter, and the 
associated supersymmetry transformations are 

S^n = ie^*t, 

<5e*t = -De. (10) 
The fermionic equations of motion are then valid in the 'supersymmetric gauge' ^t = 0. 



^Eio/K{Eio) 

where the bracket now 
'Dirac equation' reads 



4 The correspondence 

In order to compare the equations (of motion and of supersymmetry) of supergravity to the equations of 
our sigma model, we need to rewrite the former First, as is customary in the correspondence between 
Eio and supergravity we split the indices into temporal and spatial indices and adopt a pseudo-Gaussian 
gauge for the ten-dimensional vielbein. In addition we demand that the spatial trace of the spin connection 
vanishes. We also choose temporal gauges for all supergravity gauge potentials. Moreover, we can only 
expect that a truncated version of the supergravity equation corresponds to the coset model equations. This 
truncation was originally devised in the context of eleven-dimensional supergravity, where it was strongly 
motivated by the billiard analysis of the theory close to a spacelike singularity (the 'BKL-limit') ll5l l24l . 
In this limit, spatial points decouple and the dynamics becomes effectively time-dependent, ensuring that 
the truncation is a valid one in this regime. In this paper, we analyse the same question in the context of 
massive IIA supergravity, and an identical procedure requires the truncation of a set of spatial gradients. 
These can be obtained from a BKL-type analysis of massive IIA. 

One can now proceed to the comparison between the two theories. In practice, we compare the equations 
as prescribed in Table [T] 

As a result, we obtain a dictionary between the bosonic and fermionic fields of massive IIA super- 
gravity and the representations of Cio and ?(eio) that we defined in the previous section. The schematic 
correspondence is presented in Table |2l 

This correspondence works perfectly up to level (4, 1) for all equations but one: the Einstein equation 
does not fit perfectly in this picture. More precisely, two terms do not match completely with the corre- 
sponding sigma model equation. These discrepancies can however be traced back to Z) = 11 supergravity 
where both mismatches were part of the D = 11 Ricci tensor 1241 . In this sense this is not a new dis- 
crepancy but a known one. It is to be noted that all the terms involved in the mismatch are related to 
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Supergravity 




Bosonic fields 
Fermionic fields 
Supersymmetry parameter 


P^'H^ >0),QW 

*t, *a, *10 

e 



Table 2 This table shows schematically which fields of the two theories are identified in the correspondence. 

contributions to the Lagrangian which would give rise to walls corresponding to imaginary roots in the 
cosmological billiards picture |5|. 

Moreover, in particular, and most importantly, one notices that the mass enters all equations correctly 
when identified with the nine-form Pai - ag of Eio at level (4, 1) in the following way: 

Par-ag = e^'^^ha,. . .agTU, (11) 

where N is the lapse and cf) the dilaton of massive IIA supergravity. 

Further aspects of gauge fixing and the consistency of the gauge algebra and supersymmetry with the 
correspondence can be found in |[T2ll . 
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